Abstract. For any inhomogeneous compactly supported electromagnetic (EM) medium, it is shown that there exists an infinite set of linearly independent electromagnetic waves which generate nearly vanishing scattered wave fields. If the inhomogeneous medium is coated with a layer of properly chosen conducting medium, then the wave set is generated from the Maxwell-Herglotz approximation to the interior PEC or PMC eigenfunctions and depends only on the shape of the inhomogeneous medium. If no such a conducting coating is used, then the wave set is generated from the Maxwell-Herglotz approximation to the generalised interior transmission eigenfunctions and depends on both the content and the shape of the inhomogeneous medium. We characterise the nearly nonscattering wave sets in both cases with sharp estimates. The results can be used to give a conceptual design of a novel shadowless lamp. The crucial ingredient is to properly choose the source of the lamp so that nearly no shadow will be produced by the surgeons operating under the lamp.
1. Introduction 1.1. Background and practical motivation. Invisibility cloaking has received significant attentions in recent years in the scientific community due to its practical importance. The articles [18, 19, 24, 32] pioneer the study on invisibility cloaking by metamaterials. The crucial idea is to coat a target object with a layer of artificially engineered material with desired optical properties so that the electromagnetic waves pass through the device without creating any shadow at the other end; namely, invisibility cloaking is achieved. There are many subsequent developments on various invisibility cloaking schemes and we refer to [2-6, 12, 16, 17, 20, 22, 23, 25, 26, 28, 31, 34] and the references therein. All of the aforementioned works are concerned with the design of certain artificial mechanisms of controlling wave propagation in order to achieve the invisibility effect. Most of the invisibility cloaking results are independent of the source of the detecting waves; that is, for any generic wave fields that one uses to impinge on the cloaking device, there will be invisibility effect produced. We are also aware of the cloaking scheme in [25] where the invisibility depends on the incident angles of the impinging wave fields.
In this paper, we are curious about the invisibility without the metamaterial coating; that is, whether or not invisibility be achieved for a regular/natural scattering object. It turns out that invisibility can still be nearly achieved for a large class of special impinging wave fields, depending on the underlying scattering object. Our study is motivated by a recent article [8] where the authors consider the so-called non-scattering energy for the Schrödinger equation. It is shown that for a generic potential supported in a corner, there does not exist non-scattering energy; that is, for any incident wave the corresponding scattered wave cannot vanish outside the potential. Indeed, the only known case that there exist non-scattering energies is for radially symmetric potentials. Hence, it seems unobjectionable to conjecture that for a generic potential, there does not exist non-scattering energy. However, our study in this paper shall indicate that for any potential satisfying a certain generic condition, there always exist nearly non-scattering energies. Motivated by some practical applications, we shall conduct our study for the electromagnetic wave scattering in a rather different, but more general context. It is shown that in three different scenarios, for a certain inhomogeneous scattering object, there exists an infinite discrete set of "energies", namely wavenumbers, so that the corresponding scattered wave fields are nearly vanishing due to certain incident wave fields. Hence, for those incident wave fields, near-invisibility is achieved. For the first two scenarios in our study, we consider the case that the inhomogeneous medium is coated with a layer of properly chosen conducting medium, then the wave set is generated from the Maxwell-Herglotz approximation to the interior PEC or PMC eigenfunctions and depends only on the shape of the inhomogeneous medium. If no such a conducting coating is used, then the wave set is generated from the MaxwellHerglotz approximation to the generalised interior transmission eigenfunctions and depends on both the content and the shape of the inhomogeneous medium. We characterise the nearly non-scattering wave sets in all of the three cases with sharp estimates. As an interesting application, the results can be used to give a conceptual design of a novel shadowless lamp. We shall briefly discuss the conceptual design of such a novel shadowless lamp in the following. Before that, we would like to note that the construction of "non-scattering" wavenumbers with respect to a discrete set of measurement data in acoustic scattering governed by the Helmholtz equation was recently explored in [7] ; and the non-existence of "non-scattering" wavenumbers was used to establish the uniqueness in determining an inhomogeneous acoustic medium scatterer in [21] . Those studies are closely related to our present one.
The shadowless lamp is an important medical device to provide illumination for surgical operations and medical examination. The lamp is fit for lighting needs in hospitals and the illumination can be adjusted according to practical requirements. It adopts light sources/reflectors from different positions to reduce shadows produced by different parts of the medical workers; see Fig. 1 for an illustration.
Based on our study of the non-scattering electromagnetic wave set, we can readily propose a mathematical design of a novel shadowless lamp. The crucial idea is to choose the illumination sources of the lamp from a certain special set, depending Figure 1 . Shadowless Lamp; www.amismed.com/pro − info.asp?pro − id=99 on the surgeons performing the surgical operations under the lamp. Based on such a design, there would be nearly no shadow produced. The special set of illumination sources consists of the electromagnetic spectrum from low frequencies to high frequencies, and can be adjusted catering to the practical scenarios. If the surgeons wear certain coats made of suitably chosen conducting materials, then the design of the illumination sources depends only on the shapes of the surgeons; whereas if no such coats will be wore then the design of the sources depends on both the shapes and the optical properties of the bodies of the surgeons.
Mathematical formulation.
We consider the time-harmonic electromagnetic (EM) wave scattering in a homogeneous space with the presence of an inhomogeneous scatterer. Let us first characterise the optical properties of an EM medium with the electric permittivity , magnetic permeability µ and electric conductivity σ. We recall that M
3×3
sym is the space of real-valued 3×3 symmetric matrices and that, for any open set D ⊂ R 3 , we say that γ is a tensor in D satisfying the uniform ellipticity condition if γ ∈ L ∞ (D; M 3×3 sym ) and there exists 0 < c 0 < 1 such that
c 0 shall be referred to as the ellipticity constant of the tensor γ.
, where I 3×3 signifies the 3 × 3 identity matrix. It is assumed that both (x) and
sym ), and are uniform elliptic with constant c 0 ∈ R + ; whereas it is also assumed that
for a.e. x ∈ R 3 and every ξ ∈ R 3 , (
where λ 0 ∈ R + . Furthermore, we assume that there is an open bounded set Σ with a Lipschitz boundary ∂Σ and a connected complement Σ c := R 3 \Σ such that
where ∞ and µ ∞ are two positive constants. ∞ and µ ∞ characterise the permittivity and permeability of the isotropic homogeneous matrix Σ c that contains the inhomogeneous scatterer (Σ; , µ, σ).
Let ω ∈ R + denote an electromagnetic (EM) wavenumber, corresponding to a certain EM spectrum. Consider the EM radiation in this frequency regime in the space (R 3 ; , µ, σ) described above. Let (E i,ω , H i,ω ) be a pair of entire electric and magnetic fields, modelling the illumination source. They verify the time-harmonic Maxwell equations,
The presence of the inhomogeneous scatterer (Σ; , µ, σ) interrupts the propagation of the EM waves E i,ω and H i,ω , leading to the so-called wave scattering. We let E s,ω and H s,ω denote, respectively, the scattered electric and magnetic fields. Define 4) to be the total electric and magnetic fields, respectively. Then the EM scattering is governed by the following Maxwell system
(1.5)
The last limit in (1.5) is known as the Silver-Müller radiation condition. The Maxwell system (1.5) is well posed and there exists a unique pair of solutions [27, 29, 33] ). Here and also in what follows, we make use of the following Sobolev spaces that for any open set G ⊂ R 3 ,
√ µ ∞ ∞ ω signify the wavenumber. For the solutions to (1.5), we have that as x → +∞ (cf. [13, 30] ),
are, respectively, referred to as the electric and magnetic far-field patterns, and they satisfy for anyx ∈ S 2 ,
In terms of the shadowless lamp setting, (Σ; , µ, σ) signifies the bodies of the surgeons, whereas E ω ∞ and H ω ∞ account for the production of the shadows. It is emphasised that Σ is not necessarily simply connected, and hence we allow the presence of multiple surgeons under the lamp. The major contribution in this paper is to provide a deterministic and constructive way, for a given inhomogeneous scatterer (Σ; , µ, σ), in deriving a set of entire EM waves W, such that for any (E i,ω , H i,ω ) ∈ W, the corresponding E ω ∞ and H ω ∞ are nearly vanishing. From the practical motivation, we shall consider three scenarios in our study. The first two cases are to coat the inhomogeneous scatterer with certain properly designed layers of conducting mediums. Then the set W is generated from the Maxwell-Herglotz approximation to the so-called interior PEC or PMC eigenfunctions, and it depends only on the shape of the scatterer. The third case is without such a conducting coating, then the set W is generated from the Maxwell-Herglotz approximation to certain generalised transmission eigenfunctions, and it depends on both the shape and the content of the scatterer.
The rest of the paper is organised as follows. In Section 2, we present the major results on nearly non-scattering EM wave fields. Section 3 is devoted to the proofs of the theorems in Section 2.
Nearly non-scattering wave sets
We first present some preliminary results, including the interior eigenvalue problems and the approximation by Maxwell-Herglotz fields. Let Ω be a bounded open set in R 3 with a Lipschitz boundary ∂Ω and a connected complement Ω c . We begin with the following PEC eigenvalue problem,
If there exists a pair of nontrivial solutions (E ω , H ω ) to (2.1), then ω ∈ R + is called a PEC eigenvalue associated with (Ω; ∞ , µ ∞ ), and (E ω , H ω ) is referred to as the corresponding pair of eigenfunctions. Indeed, all the eigenfunctions E ω (resp. H ω ) associated with the eigenvalue ω form a vector space, and we shall denote by X ω in what follows. Introducing the Sobolev space X = {u ∈ H(curl, Ω); ν × u = 0 on ∂Ω and ∇ · u = 0 in Ω}, then we have the following result (cf. [29] ). Theorem 2.1. There exists an infinite discrete set of eigenvalues ω j ∈ R + , j = 1, 2, 3, · · · to (2.1) and the corresponding eigenfunctions E ω j ∈ X such that
are orthonormal with respect to the L 2 inner product;
(5) The eigen-space X ω j is finite dimensional, j = 1, 2, . . ..
Next, we consider the approximation by Maxwell-Herglotz wave fields. 
where ν signifies the exterior unit normal vector to S 2 .
It is straightforward to verify that (E 
. Suppose that Ω is a domain of class C 0,1 and ω is not a PEC eigenvalue associated with (Ω; ∞ , µ ∞ ). Then the Maxwell-Herglotz fields are dense in the space of all solutions (E, H) to (1.3) which belong to H(curl, Ω) × H(curl, Ω) in the topology induced by the following norm
Starting from now on, we assume that the domain Ω introduced in (2.1) has a C 2 -smooth boundary ∂Ω. We define
to be the vector space consisting of all of the eigen-pairs to (2.1). By the standard regularity estimate (cf. [29, 30] ), we know that for any
. By Theorem 2.2, for any ε > 0, we let H ε (Y) denote an ε-net of the set Y in the space H 1 (Ω) × H 1 (Ω) in the following; that is, for any (u, v) ∈ Y , there exists ( u, v) ∈ H ε (Y), being a Maxwell-Herglotz pair of the form (2.2), such that
We are in a position to present our first major result on the nearly non-scattering wave set. Theorem 2.3. Let Σ be a bounded Lipschitz domain and Ω be a bounded C 2 domain such that Σ Ω and Ω c is connected. Consider an EM medium distribution as follows,
4)
where b , µ b and σ b satisfy (1.1) and (1.2), respectively; and c , µ c and σ c are uniformly elliptic tensors with constant α 0 ∈ R + , and moreover it is assumed that µ c = β 0 · I 3×3 with β 0 ∈ R + . Consider the electromagnetic scattering problem (1.5) associated with the EM medium (R 3 ; , µ, σ) described above, and a pair of incident
. Then for sufficiently small τ and ε, we have
where C depends only on ω, α 0 , ∞ , µ ∞ and Ω, Σ, but independent of b , µ b and σ b .
Remark 2.1. In terms of our earlier discussion in Section 1, H ε (Y) is a nearly non-scattering wave set for the EM medium (R 3 ; , µ, σ) in (2.5). Every PEC eigenvalue ω to (2.1) is a nearly non-scattering "energy" in the sense that there exist certain incident fields of the Maxwell-Herglotz form (2.2) which generate nearly vanishing scattered wave fields. In the shadowless lamp setting, (Σ; ) , then there will be nearly no shadows shall be generated.
In a similar fashion, we define
It is readily seen that any (E ω , H ω ) ∈ Z satisfies the Maxwell system (2.1), but with the homogeneous PEC boundary condition on ∂Ω replaced by the so-called PMC boundary condition,
Similar to Theorem 2.1, we know that Z contains infinitely many pairs of PMC eigenfunctions and we let H ε (Z) denote an ε-net of the space Z in the sense of (2.3). Then we have Theorem 2.4. Let Σ be a bounded Lipschitz domain and Ω be a bounded C 2 domain such that Σ Ω and Ω c are connected. Consider an EM medium distribution as follows,
where µ b is uniformly elliptic; and b , σ b and c , µ c , σ c are uniformly elliptic tensors with constant α 0 ∈ R + , and moreover it is assumed that c = β 0 · I 3×3 and σ c = η 0 · I 3×3 with β 0 , η 0 ∈ R + . Consider the electromagnetic scattering problem (1.5) associated with the EM medium (R 3 ; , µ, σ) described above, and a pair of incident
where C depends on ω, α 0 , ∞ , µ ∞ , b , σ b and Ω, Σ, but independent of µ b .
Remark 2.2. The major difference between Theorems 2.3 and 2.4 is that in (2.5), the estimate is independent of the EM content inside Σ, namely (Σ; b , µ b , σ b ); whereas in (2.7), the estimate is dependent on (Σ; b , σ b ) (but independent of µ b ).
We believe this is mainly due to the argument that we shall implement for their proofs, and the estimate in (2.7) should also be independent of (Σ; b , µ b , σ b ).
In Theorems 2.3 and 2.4, the conducting layer in Ω\Σ plays a critical role in our design. In what follows, we consider the nearly non-scattering wave fields in the case without such a conducting layer. To that end, we first introduce the following interior transmission problem.
where µ b and b are uniformly elliptic tensors in Σ. If there exists nontrivial so-
2 to (2.8) for a certain ω ∈ R + , then ω is called an interior transmission eigenvalue associated with (Σ; b , µ b , ∞ , µ ∞ ), and (E t,ω , H t,ω ), (U ω , V ω ) are called the corresponding interior transmission eigenfunctions. Some brief remarks about the interior transmission eigenvalue problem (2.8) are in order. We refer to [10] for a comprehensive account on the origin of the interior transmission eigenvalue problems. The existence of an infinite discrete set of interior transmission eigenvalues with +∞ as the only accumulation point for (2.8) was established in [14] under certain conditions on the scattering medium (Σ; b , µ b ). Establishing the existence of infinitely many interior transmission eigenvalues for (2.8) for generic EM mediums (Σ; b , µ b ) is beyond the main aim of the present article. We shall assume the existence of interior transmission eigenvalues and eigenfunctions for (2.8) without imposing further conditions on (Σ; b , µ b ). The notion of non-scattering energy associated with the interior transmission eigenvalue problems was introduced [8] , which is closely related to our study in the sequel. In [8] , the authors consider the quantum scattering governed by the Schrödiner equation. It is defined for a certain potential that the interior transmission eigenvalue is a non-scattering energy if the corresponding eigenfunction is a Herglotz wave function. In the context of the Maxwell system (2.8), an interior transmission eigenvalue ω is called a non-scattering "energy" if the interior transmission eigenfunctions (U ω , V ω ) happen to be a pair of Maxwell-Herglotz fields of the form (2.2). It can be easily shown that if ω is a non-scattering "energy", and one uses the corresponding pair of eigenfunctions (U ω , V ω ) as the incident fields to impinge on (Σ; b , µ b ), then far-field pattern generated will be identically vanishing. However, as in [8] , it is highly suspicious whether there exists non-scattering ω for a generic (Σ; b , µ b ) unless it is radially symmetric. Next, we shall show that as soon as the set Σ satisfies a certain generic condition, then every interior transmission eigenvalue ω is a nearly non-scattering "energy"; see also our discussion in Remark 2.1 about the existence of infinitely many nearly non-scattering "energy" for the Maxwell system in a different scenario.
In our subsequent study concerning Theorem 2.5, we assume that Σ is a bounded Lipschitz domain if ω is not a PEC eigenvalue associated with (Σ; ∞ , µ ∞ ); otherwise we assume that Σ is a C 2 domain. This regularity assumption shall be mainly needed for the Maxwell-Herglotz approximation as sated in Theorem 2.2. In the sequel, we shall need to make use of the following Sobolev spaces,
where Div := div ∂Σ and Curl := curl ∂Σ , respectively, signify the surface divergence and curl on ∂Σ. It is known that T H
Div (Σ) is the tangential trace space of H(curl, Σ), and the dual space of T H
Curl (Σ); see [1, 9, 11, 29] . We let T = T (Σ; b , µ b ) denote the set of interior transmission eigenvalues associated with (Σ; b , µ b ) defined in (2.8), and T ω = T ω (Σ; b , µ b ) denote the eigen-space consisting of the pairs (U ω , V ω ) corresponding to ω ∈ T . We also set
Let ω ∈ T . We further assume that ω is not a PEC eigenvalue for (Σ; b , µ b ) in the sense that the following Maxwell system
(2.9) admits only trivial solutions. Define the interior boundary impedance map as
where H ω ∈ H(curl, Σ) is the solution to (2.9) with the homogeneous boundary condition replaced by
Clearly, since ω is not a PEC for (Σ; b , µ b ), the Maxwell system (2.9) is well-posed and hence Λ i Σ,ω is well-defined. It is also assumed that ω is not a PMC eigenvalue for (Σ; b , µ b ) in the sense that the Maxwell system (2.9) with the homogeneous boundary condition replaced by ν × H ω = 0 on ∂Σ admits only trivial solutions. Hence, we know that Λ i Σ,ω is invertible. It is remarked that the PEC (resp. PMC) eigenvalues for (Σ; b , µ b ) form an infinite discrete set possessing similar properties to those stated in Theorem 2.1 (cf. [29] ). We also consider the following exterior
(2.10)
Define the exterior boundary impedance map as
where
is the solution to (2.10). Since the exterior scattering problem (2.10) is well-posed, one clearly has that Λ o Σ,ω is well-defined and moreover, it is invertible. Next, we say that Σ satisfies the non-transparency condition with respect to ω if the following condition is satisfied:
A remark concerning the non-transparency condition is that unless ψ ≡ 0, one has that
Indeed, if the equality holds in (2.13) for some ψ
2 to be the solution to (2.9) in Σ, and to be the solution to (2.10) in R 3 \Σ, one has a pair of entire solutions to the Maxwell system which satisfies the Silver-Müller radiation condition. Hence, the entire solutions defined above must be identically zero which readily gives that ψ ≡ 0. Therefore, it is justifiable to claim that the non-transparency condition introduced above is a generic condition for the domain Σ and its interior transmission eigenvalue ω.
We have Theorem 2.5. Let Σ be a bounded domain with Σ c connected. Consider an EM medium distribution as follows,
where b , µ b are uniformly elliptic tensors. Consider the electromagnetic scattering problem (1.5) associated with the EM medium (R 3 ; , µ) described above. Let ω ∈ T (Σ; b , µ b ) and assume that ω is not a PEC/PMC eigenvalue to (Σ; b , µ b ), and that Σ satisfies the non-transparency condition with respect to ω, namely (2.12). Let the pair of incident fields be given as
, where by Theorem 2.2, H ε (T ω ) denotes an ε-net of the space T ω in the sense of (2.3), but with the norm | · | 1 replaced by | · | 2 . For sufficiently small ε ∈ R + , there holds E
14)
where C depends only on ω, ∞ , µ ∞ and Σ.
Proofs of the major theorems
In this section, we present the proofs for the major theorems in Section 2. 
where C is a positive constant depending only on Ω and α 0 , ω, ∞ , µ ∞ .
Proof. It is first noted that (E ω , H ω ) ∈ H(curl, Ω) 2 satisfies the following Maxwell system
where (Ω; , µ, σ) is given in (2.4). By (3.2) and using integration by parts, one can calculate as follows,
By taking the real parts of both sides of (3.3), we have
and
By integration by parts and straightforward calculations, one has
Clearly, we have
Finally, by combining (3.4)-(3.5) and using the fact that the skew-symmetric bilinear form B : T H
is a non-degenerate duality product (cf. [15] ), one can easily show (3.1). The proof is complete.
Lemma 3.2. There holds, 6) where C depends only on Ω and α 0 , ω, ∞ , µ ∞ .
Proof. We shall make use of the following duality relation,
Curl (∂Ω), we let F ∈ H 2 (curl, Ω) be such that (see Lemma 3.5 in [6] )
, where C depends only on Ω.
(4) F = 0 in Σ.
By virtue of the duality relation (3.7) and using the auxiliary function F, along with the integration by parts, we have
Using the fact that in Ω\Σ,
one has by direct verifications that
Plugging (3.9) into (3.8), one then has
where C depends only on Ω and α 0 , β 0 , ω. Finally, by combining (3.7) and (3.10), one immediately has (3.6). The proof is complete.
We are in a position to complete the proof of Theorem 2.3. First, by Lemmas 3.1 and 3.2, we have
Then for sufficiently small τ > 0 such that 3Cτ 1/2 ≤ 1, we readily deduce from (3.11) that
Finally, by (3.12) and (3.13), we have
which readily implies (2.5).
The proof is complete.
3.2. Proof of Theorem 2.4. The proof follows from a similar argument to that for Theorem 2.3. We shall give the necessary modifications in what follows. By taking the real and imaginary parts of both sides of (3.3), respectively, one has
Using the specific form of the EM parameters in (2.6), and their ellipticity, one has from (3.15) that 17) and from (3.16) that
By combining (3.17) and (3.18), and using a similar argument in deriving (3.1), one can show a similar estimate to (3.
in the RHS of the inequality. It is remarked that the estimate here depends on b , σ b , but independent of µ b . Next, by a completely similar argument in deriving (3.7), along with the use of the specific form of the EM parameters given in (2.6), one can show that Using (1.4), one readily has that
on ∂Σ; 
Next, using the transmission condition on ∂Σ, we have 
which then gives where C depends on ω, ∞ , µ ∞ and Σ. Finally, by applying (3.28) to (3.22) , one immediately has (2.14).
